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CONVEX HULLS OF SUPERINCREASING KNAPSACKS AND LEXICOGRAPHIC 
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Abstract. We consider bounded integer knapsacks where the weights and variable upper bounds together 
form a superincreasing sequence. The elements of this superincreasing knapsack are exactly those vectors 
that are lexicographically smaller than the greedy solution to optimizing over this knapsack. We describe 
the convex hull of this n-dimensional set with O(n') facets. We also establish a distributive property by 
proving that the convex hull of <- and >-type superincreasing knapsacks can be obtained by intersecting 
the convex hulls of <- and >-sets taken individually. Our proofs generalize existing results for the 0\1 case. 


1. Introduction 

Given positive integers n,b , and ( ai,Ui ) for all i G N := {l,...,n}, we consider a bounded integer 
knapsack defined as K := {x G Z” : a T x < b, 0 < Xi < Ui i = 1, Without loss of generality 

(w.o.l.o.g.) we assume that a,;Mi < b Vi G N and that a T u > b to ensure a nontrivial set. When all the 
upper bounds are equal to one, we have the 0\1 knapsack K 1 . The convex hull of K, denoted by convA', 
is referred to as the knapsack polytope. 

The study of the knapsack polytope has received considerable attention in literature and in general, 
there may exist exponentially many facet-defining inequalities. There exist special classes of K for which a 
complete description of convAT is known. For the 0\1 knapsack, these results include the minimal covers of 
Wolsey |T] assuming certain matroidal properties for a T x < b , (1, ^-configurations of Padberg [2], weight- 
reduction principle of Weismantel [5] when a* G {1, [6/3J -I- 1, [6/3J + 2,..., \b/2\} Mi or m G {1, |_6/2J + 
1, \b/2\ + 2,... ,b} Mi, and Weismantel [1] when m G {a, a} Mi and for two distinct positive integers a and a. 
There also exist complete descriptions of convAT for upper bounds not equal to 1. For a divisible knapsack, 
i.e. when cu_i | oq for all i > 2, three results are known: (i) Marcotte m when K = {x G Z” : a T x < fr}, 
(ii) Pochet and Wolsey (BJ when K = {x G Z” : a T x > 6}, and (iii) Pochet and Weismantel [7. when 
K = {a: G Z” : a T a: < b, 0 < x < u}. Recently, Cacchiani et al. [8j described the convex hulls of <- and 
>-type knapsacks with a generalized upper bound constraint Y^i£N x i — 2- The polytopes in [B][? involve 
an exponential number of valid inequalities, whereas the polytopes in 130 have 0(n) facets. 

In this paper, we are interested in the convex hull of a special class of K characterized as follows. 

Definition 1 (Superincreasing knapsack). The set K is said to be a superincreasing knapsack if {(cu, n 
forms a weakly superincreasing sequence of tuples, i.e. a fc u fc ^ a i +1 V* > 1. 
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0\1 superincreasing knapsacks have been historically used in cryptographic systems jHHH]; their structure 
and linear time complexity were investigated in El- Atkinson et al. m obtained a wider class of 0\1 
knapsacks with linear time complexity. From the viewpoint of a polyhedral study, the knapsack polytope 
for superincreasing AT 1 was first studied by Laurent and Sassano HE whose result is paraphrased below. 

Theorem 1 (|13j). For any positive integer b, the 0\1 knapsack polytope conv K 1 [n] [ 6 ] is completely de¬ 
scribed by its minimal cover inequalities if and only if {(cq, l)}igjv forms a weakly superincreasing sequence. 
Furthermore, all the 0(n) minimal covers can be explicitly enumerated. 


We extend the sufficiency condition of Theorem [T] to the case when the variable upper bounds in AT are 
not necessarily equal to one. We explicitly describe the convex hull with 0(n) nontrivial facets. As is to be 
expected, the proposed inequalities reduce to minimal covers of AT 1 when u is a vector of ones. The convex 
hull proof for AT 1 is simpler since the coefficient matrix for system of minimal covers is an interval matrix 
and hence totally unimodular. Since Marcotte [5] describes the convex hull of divisible K using 0(n) facets, 
it is obvious that the superincreasing property is not a necessary condition for conv A' to have 0(n) facets. 
Besides generalizing the result of [Laurent and Sassano] another motivation for studying superincreasing 
knapsacks is that such sets appear after reformulating the integer variables in a mixed integer program; see 
Gupte et al. nn. The most common example of such reformulations is the set 


K a (b) :={(: 




C t <u, ft £ {0,1, 


-1} Vt = 1, . . . , Lloga u \ +1 


(1) 


obtained after a-nary expansion of a integer variable: x = X)t=i“^ +1 1 Ct- Convex hull of A' 2 ( 6 ) was 
independently studied by mm ■ a complete knowledge of the superincreasing knapsack polytope will 
provide a family of valid inequalities to the mixed integer program. Gupte et al. demonstrated the practical 
usefulness of facets to binary expansion knapsacks as cutting planes in a branch-and-cut algorithm for solving 
mixed integer bilinear programs. 


Remark 1. The extended formulation of AT, obtained after adding new variables f lt G {0,1} \H,t and basis 
expansion of each Xi as Xi = X!t=i“ u% ^ +1 for some a £ Z ++ , does not obey the superincreasing 

property. Hence we cannot obtain conv K simply as a projection of the extended formulation. 


Note that there is no inclusive relationship between superincreasing and divisible knapsacks. However, 
certain types of knapsacks, such as K a {b), may be both divisible and superincreasing. For divisible superin¬ 
creasing knapsacks, our result provides a explicit linear size minimal description as compared to the implicit 
exponential size description in (7 . 

Throughout this paper, we assume that K is superincreasing. We begin by analyzing the greedy solution 
of K in Section [2] and use it to provide a useful geometric interpretation to our assumption of superincreasing 
tuples {(ai,Ui)}i£ jv - Section [3] derives a set of facet-defining inequalities, referred to as packing inequalities , 
to conv AT and our first main result in Theorem [2] proves that these inequalities describe conv A'. In Section 
[4] we prove that the convex hull of intersection of two superincreasing knapsacks is given by the facets of 
the individual knapsack polytopes. This second main result in Theorem [3] is indeed interesting since the 
convex hull operator does not distribute in general and further implies that the convex hull of a family of m 
intersecting superincreasing knapsacks is described by 0(n) linear inequalities. For general 0\1 knapsacks, 
new valid inequalities were derived in mm for intersection of two <-type knapsacks and in mm for 
one <- and one >-type knapsack. 

We adopt the following notation, conv A is the convex hull of a set X. Z + (Z ++ ) is the set of nonnegative 
(positive) integers, e is a vector of ones, e, is the i th unit vector and 0 is a vector of zeros. FL n (u) '■= {x £ 
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Zl-.Xi < m V*} is a discrete hyper-rectangle. For ( > s, we denote = 0 and JIK') = T The positive 

part of £ € is denoted by [£] + := max{0,£}. 


2. Structure of K 


This section discusses structural properties of a superincreasing knapsack - first we present a geometric 
interpretation to the algebraic requirements of Definition then we characterize maximal packings of K 
and finally we state a dynamic program to optimize over K. The proposed results, especially the maximal 
packing and dynamic program, are known in literature for the 0\1 case, see for example Shamir |11| . which 
has important applications in cryptographic systems. Our contribution is to extend these results to the 
general integer case and establish a foundation for our main theorems in Sections [3] and [4] 

The notion of lexicographic ordering will be useful for the rest of the paper. For any two vectors v 1 and 
v 2 , the vector v 1 is lexicographically smaller than u 2 , denoted as v 1 =4 u 2 , if either v 1 = v 2 or the first (in 
reverse order) nonzero element i of v 1 — v 2 is such that v\ < v 2 . In the latter case, we denote v 1 -< v 2 . Since 
^ is a total order, for any distinct v 1 and v 2 , either v 1 -4 v 2 or v 2 -4 v 1 (equivalently v 1 >- v 2 ). 

The greedy solution of an arbitrary (not necessarily superincreasing) knapsack K gen := {x £ 'H n (u ): a T x < 
6} is given by 

Vi = n,..., 1. (2) 

Magazine et al. m referred to this solution in the case of trivial upper bounds, i.e., when u t = [b/di J Vi, 
and studied conditions under which it is the optimal solution for maximizing over K gen . By construction, 
we have 6 £ K een . In fact, 9 is lexicographically the largest vector in K gen . 

Lemma 1. K gen C{i£ TL n {u): x =4 §}. 

Proof. Suppose there exists some x £ K gen with x >~ 9. Let i* := max{i £ N: Xi 0;}. Since x y 9 
by assumption and x,9 £ Z n , we have aq* > 9i* + 1. Now Xi* < it,» and equation © imply that 9^ = 

[ b Hence > (b - Then d T x > °-i x i + + b - 

= b, a contradiction to x £ I\ gen . □ 

Henceforth, we denote 9 to be the greedy solution of a superincreasing knapsack K. Proposition [T] states 
that for superincreasing knapsacks, the inclusion in Lemma [l] becomes an equality. The proof of this depends 
on the following observation about points in K. 

Lemma 2. Let x £ K and y £ be such that y =4 x. Then a T y < a T x and hence y £ K. If y x and 

i* := max{* £ N: yi ^ Xi}, we have 

(1) a T y = a T x if and only if ai* = a i u i> lli* = x i * ~ 1, and yi = Ui,Xi = 0 \/i < i*. 

(2) (zq,..., Ui* —.i, yi *, x^ _|_i,..., x n ) £ li .. 

Proof. Suppose that y ^ x. Since y =4 x and y £ Z™, we have y.,* < Xi* — 1. Then, a T (y — x) = 
J2i<i* a i(yi - x i ) + {yi* ~ Xi*) < Hi<i* a i u i ~ a i * < 0, giving us a T y < b and y £ K. This also leads to 
the conditions for a 1 (y — x) = 0. Finally, (iq,..., zq*_i, y ^*, Xi*+ 1 ,..., x n ) -< x implies the second claim. □ 


9r := : 


di 


Lemmas |T] and |2] and the fact that 9 £ K gives us 
Proposition 1 . K = {x £ TL n (u): x =4 9}. 
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Thus, a superincreasing knapsack is exactly the set of integer points within T~L n {u) that are lexicographi¬ 
cally smaller than the greedy solution. This implies that two distinct superincreasing sequences, {a,u} and 
{u),u}, represent the same knapsack if and only if the corresponding greedy solutions are equal. 

We now describe the connection between the greedy solution and the notion of maximal packing. Let 
g(d,u,b) := max{a T x: a T x < b, x £ TL n {u)} denote the maximum attainable capacity of K gen . Clearly, 
K gen = {s S T-L n (u): a T x < g(a,u,b)}. A maximal packing of K gen is a vector x £ K gen such that 
a T x = g(a,u } b). Maximal packing may not be unique and in general, computing it reduces to solving 
the NP-hard subset-sum problem, although it can be computed in linear time for divisible knapsacks [ 20] , 
For superincreasing knapsacks, Proposition [T] and Lemma [2] imply that 0 is a maximal packing of K. The 
conditions for 9 being the only maximal packing are characterized next. 

Proposition 2. 9 is a unique maximal packing of K if and only if for every j £ N with aj = Xa=i a i u i 
and 9j > 0 , there exists i < j such that 9i > 0 . 

Proof. Assume that for every j £ N with a.j = Xa=i a i u u there exists i < j such that 9,; > 0. Suppose 9 
is not the unique maximal packing and there exists some 7 £ K \ {0} such that a T y = a T 9. Proposition [l] 
gives us 7 -< 9. Then Lemma [ 2 ] implies that a^» = a i u i an( t = 0 V* < i*, a contradiction to our 

assumption. Now suppose that 9 is unique and let there exist some j £ N with aj = Xa=i a i u i an d 0j > 0 
but 9i = 0 for all i < j. Set 7 -< 9 as follows: 7 j = iq V* < j, 7 j = 9j — 1, and 7 j = 9i Mi > j. Then 

7 £ ’H n (u) and a T 7 = a 1 9 = g{a, u, b), contradicting the uniqueness of 9. □ 

Remark 2. When = a l ~ 1 and m = a — 1 for all i £ N and some a £ Z ++ , we have the set K a (b) from 
Q and it is straightforward to verify in this case that 9 is the unique representation of b in base a. 

Example 1. Let a = (2,8,46,150, 310), u = (3, 5, 2, 1 , 2) and K = {x £ R^iu): Xa=i a i x i ^ 841}. It can be 
verified by enumerating the points in K that g(a, u, 841) = 840. The greedy solution is 9 = (0, 3,1,1, 2) and 
observe that a 1 9 = 8(3) + 46 + 150 + 310(2) = 840. Also, 9 is the only point in K that yields g(a,u, 841) 
and it satisfies the sufficient condition for uniqueness: 03 = aiui + CI 2 U 2 with @ 3,^2 > 0. An alternate 
superincreasing knapsack representation is K = {x £ 'H$(u ): X\ + ?>X 2 + 18 x 3 + 95 x 4 + 189xs < 500}. 

Now let K' = (x £ i a i x i — 863}. We have g(a, w,863) = 862,0' = (0,0,2,1,2 ),a T 9' = 862 

and 9' does not satisfy the necessary condition for uniqueness: 03 = aiui + 02^2 with 9' 3 > 0,0} = 9' 2 = 0. 
Another maximal packing is 7 ' = (3, 5, 1 ,1, 2), which is equal to 0' + (ui,U 2 , —1, 0, 0). 

Finally, let a = (2, 8,40,150, 310), u = (1,5,4,1,2) and note that a 3 < apui + a 2 U 2 - For A' gen = {x £ 
fi 3 {u ): Y^°i=i — 825} the greedy solution is 0 = (1,1,1,1, 2) with d T 9 = 820 < 822 = g(a, ii., 825) = a T; y, 

where 7 = ( 1 , 5,4,0, 2). Hence the greedy solution does not give a maximal packing. o 

Since 0 is a maximal packing of I\ and is computable in 0(n) time, we assume w.o.l.o.g. that b = 
g(a, u, b) = a T 9. 

The equivalence to lexicographic ordering in Proposition [ljlends intuition to the points contained in K and 
also enables us to prove our results. An immediate consequence is a linear time algorithm for optimization 
over K. To state this result, we first define the support of 0. 

Definition 2. Let I := {i £ N: 9i > 1} be the support of 0 and denot^] I = (ii,..., i r , v+i := n} for 
some integer r > 0, where we assume i\ < i 2 < ■ • ■ < i r < n. For every j £ N , let Ij := {i £ I: i > }}, 
IJ :={*£/:«< j}, prev(j) := max}*: *£/£}, and next(j) := min{i: i £ Ij}. If j < i\ (resp. j = n), 
then prev(j) = 0 (resp. next(j) = 0 ). 


■*■71 £ I since a n Un < b implies (),, = u n and hence n is the largest index in I. 



CONVEX HULLS OF SUPERINCREASING KNAPSACKS AND LEXICOGRAPHIC ORDERINGS 


5 


Clearly I n = =0 and Ij + -\ = Ij \ {j + 1} for all j G N. 

Proposition 3. There exists a 0(n ) time algorithm to optimize over K. Given any c £ 3?™, for every j £ I, 
the optimal value fj(c) := niax{J]l =1 CjOJj: x £ K,x k = 9k Vfc £ Ij} is equal to 

f*(c) = max j[cj] + (0j - 1) + ^[c 4 ] + Mi , cjOj + /* rev0) (c)|. □ 

The correctness of this recursion follows from Lemma [2j Proposition [T] and the observation that 

{x £ K : Xk = 9k Vfc £ Ij} C |a;: Xj £ {0,1,, 9j}, Xj = 0 Vi £ {j + 1,...,n} \ Ij}, Vj £ N. (3) 

Define f1(c) := argmax{c T a;: x £ K} as the set of optimal solutions to the maximization over K. The 
dynamic program of Proposition [3] can be represented as a binary tree with |/| + 1 leaf nodes, as illustrated 
in Figure [l] The elements of fi(c) correspond to some of the leaf nodes whereas the elements of I are in a 
bijection to the non-leaf nodes. For a non-leaf j £ I, the set {x £ I\ : Xk = 9k V/c £ Ij, Xj < 0j — 1} contains 
the leaf descendant denoted by I£j whereas the set {x £ K : Xk = 9k Vfc £ Ij,Xj = 9j} corresponds to the 
next non-leaf node prev(j) if j ^ ij. The two leaf descendants of i\ are and In particular, 

££j = {x: x t G {0, ui} VI < j, Xj £ {0, 9j - 1}, x t = 9 t \/i > j} Vj £ I, and Jzf 0 = {$}• (4) 

This implies that 

fi(c) C { 9 } U U^-- (5) 

jei 



Figure 1. Binary tree for the dynamic programming algorithm of Proposition [3j 

3. Facets and convex hull 

We first derive valid inequalities whose coefficients depend on the greedy solution (and maximal packing) 
9. To state the proposed packing inequalities, for any j G N \ n, define a function <pj: Ij <—> Z + as 

prev(z) 

(fj{i) := (uj - 9j) (uk + 1 — 9k) iGlj. (6) 

k—nex.t(j): 
kel 

From notational convention, we have ^(next(j)) = (uj — 9j) and j> n ( j = 0. The recursive definition of cf>j( j 
leads to the following identities that will be useful while arguing validity and facet-defining property. 

Observation 1. For any j G N\n and i G Ij, we have <f>j(next(i)) — 4>j{i) = (f>j{i)(ui — 9f). Consequently, 

W = u j - e o + EfcG/ 3 : k<i fijWiuk - 9 k ). 
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Proof. The first statement is obvious from the definition of 0j(-). The second statement is obtained via a 
straightforward induction on i and using the first statement. □ 

Proposition 4 (Packing inequalities). For any j £ N, the inequality 

Xj A ^ ] 4>j(i){xj — Oj) < Oj (7) 

ieij 

is valid to con v K. 

Proof. For j = n, the inequality is simply x n < u n since I n = $,u n = 9 n . We prove validity for j < n by 
induction on elements of Ij. Denote Sj := {x £ K: x k = 9 k Vfc £ Ij} for every j £ N. First we argue 
that xj A (u 3 - 0j)(£ next (j) - 6> next (j)) < Oj is valid for S next(j ). For x £ 5 nex t(j), equation ^ gives us 
Xnext(j) < ^next(j)- If X next(j) — ^next(j)! then x £ Sj and the inequality reduces to Xj < 9j , which holds true 
by applying equation [3] to j. Otherwise, x next(;/ ) < 9 next(j) - 1 and then Xj A (uj - 9j)(x next(j ) - 0 next(j) ) < 
Xj — Uj A 9j < 9j. 

Now we show that for any k £ Ij, Xj A ^2iei -i<k 0j(*)( a; * — Of) < 9j is valid for S k ■ From the previous 
claim, the result is true for k = next(j). Assume it to be true for some k £ Ij and consider the inequality 
for <S next ( fc ). For x £ «S next ( fc ), equation [3] gives us x next ( fe) < 9 nex t(fc)- If Znext(fc) = 0next(k), then x € S k and 
the inequality reduces to Xj + Y 2 iei i<k 0.7 (*)( x * — 0*) — Oj, which is valid for S k from induction hypothesis. 
Otherwise, x next(fc) < 9 next(fe) - 1 and then 

Xj Oj A 'y ) (j)j(?)(xi (next(/c))(x nex t(fc) ^next(fc)) — Uj ^/A ^ ^ 4*j 0)(a ^i) (next(A;)) = 0, 

where the inequality is due to 0j(-) > 0 and x < u and the equality follows from Observation [lj This 
completes the induction process and our proof. □ 

Since Oj = Uj implies 4>j(i) = 0 V* £ Ij, it follows that ([7]) reduces to Xj < Uj when 9j = Uj. Thus the 
only nontrivial packing inequalities are those corresponding to 9j < Uj. 

Example 1 (continued). Recall I\ = {x £ J.\: 2xi A 8 x 2 A 46x3 + 150x4 + 310x4 < 841, x < (3,5, 2,1, 2)} 
with 9 = (0,3,1,1,2). We have 0i(2) = 3,0i(3) = 9, 0i(4) = 0i(5) = 18, 0 2 (3) = 2,0 2 (4) = 02(5) = 
4, 03(4) = 03(5) = 1, 04(5) = 0. For j £ {1, 2, 3}, our maximal pack inequalities are 

X4 T 3x 2 T 9 x 3 A I8X4 A I8X5 A 72, x 2 A 2x3 A 4x4 A 4x5 — 17, X3 A X4 A X5 A 4. 

The pack inequalities for j = 4, 5 are the upper bounds X4 < 1 and X5 < 2. o 

Under some additional assumptions on a and u along with the superincreasing property, one might be 
able to show that the packing inequality 0 is a strengthened integer cover or pack inequality of Atamtiirk 
m- Our proof of Proposition [4] is direct, self-contained and motivated from the greedy solution. 

When u = e, we argue that ([7| reduces to a minimal cover of the 0\1 superincreasing knapsack. Since 
I = {i £ N: 9i = 1}, inequality Q becomes Xj < 1 for j £ I. For j £ I, we have 4>j{i) = 1 V* £ Ij 
and ([7]) becomes Xj A Xi — 0 I' The m i n i ma I covers can be obtained from [T3] Theorem 2.4]: this 

theorem provides a set of integers K\,..., K q for some q > 1 such that K q = n and for any i < q, Ki := 
max{t < Ki+i: Y^i=i +1 a «i + A < b}. Proposition [2] gives us 0i = 1 if and only if Y^k^i+i a k0 k < b. Hence 
Ki = max{f < Ki+ 1 : 0 < at < b — Y^?=t +1 a i0i} = nrax{t < Ki+ 1: 0 t = 1}. It follows that {k\, ..., K q } = I. 
Theorem 2.5 in m states that any minimal cover is of the form j U Ki > j} = j Li Ij, for some 
j Lf {«i,..., K q } = I. Thus, the minimal cover inequalities are of the form Xj A x i — ^ /• 

which is exactly the same as the packing inequalities. 
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The next result proves that the packing inequalities can be used to reformulate K. Later on in Theorem[2] 
we will prove that they also give an ideal formulation for K. 

Proposition 5. K = |x £ H n {u): Xj + Xag/j 'Ai (*)( x 'j ~ Of) < 6j, j = 1, • •., nj. 

Proof. The forward inclusion (C) is obvious due to the validity of inequalities ([T]). Consider x £ H n (u) 
satisfying all the inequalities 0 - Clearly, x = 6 is a valid choice that belongs to K. Suppose that x 0 
and define i* := max{i £ N: Xi 7 ^ Of). Since x satisfies the inequality for j = i*, ay = 9, Vi > i* implies 
Xi * < 9f. Then * 7 ^ 0i* gives us Xi* <0^.-1 and x ^ 0. Finally, Proposition leads to x £ K. □ 

We now show that the packing inequalities also define nontrivial facets of conv K. To aid our arguments, 
for every j £ N, we define fj : 3?” 1 —> 3? as 

00 ) : = Xj -Oj + Yl ~ 

ieij 

and the face defined by this inequality is Fj := {x £ con vK: fj(x) = 0}. The integer points on this face 
have the following properties. 

Proposition 6 . Let x £ H n {u) be such that for some j £ N with 6j < Uj and i £ Ij, we have x k = 6k for 
all k £ Ij with k > i. 

(1) If Xj = Uj, Xk = Uk for all k £ Ij with k < i and Xi = Oi — 1, then x £ Fj. 

(2) If Xi < Oi — 2, then x (j Fj. 

Proof. For the first part, fj(x) = Uj — 0j + . k<i <f>j{k)(uk — Ok) — 4>j{i) = 0, where the equality is due 

to Observation [T| Now suppose that Xi <0^ — 2. Then 

£j(x)<Xj-0j+ ^ 4>j{k){x k - 0 k ) -2(j>j{i) <Uj - 0j + ^ (f>j(k)(u k - 0 k ) - 2<f>j(i) = -<pj(i), 

k£lj : k<.i k£lj : k<i 

where the last equality is due to Observation [l] Now 0j < Uj => </>j(i) > 0 => f j (x) <0. □ 

Choosing i = n in Proposition [ 6 ] yields the following inclusion that will be useful later in §4.1[ 

Fj nZ"C {x £ T-L n {u): x n £ {0 n — 1,0„}} Vj £ N such that 0j < Uj. ( 8 ) 

Proposition 7 (Facets). For any j £ N with 0j < Uj, inequality 0 is facet-defining to con v K. 

Proof. For j £ N with 0j < Uj, we construct n affinely independent points of K that belong to Fj D Z n . 
These n points can be divided into three categories. 

(1) Fix x = (0,..., 0, 0j,0j + 1 ,..., 0 n ) =4 0. Clearly f(x) = 0. 

(2) Fix x — (e,, Uj , 0,..., 0,0next(j) 1 ■ 0 next( i 7 )+ij ■ • ■ ? 0 n ) V 0 for some l £ j. Here f (x) — Uj 0j 

( Uj — 6j) = 0 . 

(3) Choose i £ Ij. There are two subtypes here: (a) fix x = (0, Uj ,..., it prev (j), 0,0^ — 1,0i+i,..., 0„), 
(b) for some l such that max{j, prev(*)} < l < i, fix x = (0, Uj, ..., u pr ev(i)i e u 0 i — 1 , 0 j+i, ..., 0 „). 
Both these points satisfy x =4 6 by construction and are in Fj due to Proposition [ 6 ] 

We have constructed a total of 1+j — l + next(j) + i> n ext(j)(* — P rev (0) = n points in Fj. Suppose 

that these n points form n columns of a matrix M in a way that the columns are sorted as Type 1, then 
Type 2, and then Type 3 (first all points of subtype (a) and then all of subtype (b)). Let there exist some 
weights Ai,..., A„ such that MX = 0, e T A = 0. 
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Claim 1. Xp = 0 for all p ^ {j + 1,... , j + 17^ |}. Consider the I th row of M for some 1 < l < j. 
There is exactly one column of M, corresponding to a Type 2 point, that contains a nonzero entry in row 
l. Hence A 2 = • • • = Xj = 0. Next consider some k £ I: k > j. There is exactly one column of M, 
corresponding to a Type 3 subtype (b) point, that contains a nonzero entry in row k. Hence all the A’s for 
Type 3 subtype (b) columns are zero, i.e. Aj + |/ i | +1 = • • • = X n = 0. The only remaining nonzero values are 
for Ai, A J+ i,. •., Aj + |j.|, which must sum to zero. Consider the j th row. Exactly one column of M has entry 
0j in row j (Type 1 point) while all other columns have entry uj. This gives us X\9j + Uj J2pt}j+ 1 \ = 0- 
Since Ai + J2 3 p=j +1 A p = 0 and 6j < Uj by assumption, it follows that Ai = )T/p=/+i X p = 0. o 

Claim 2. A = 0. Consider the next (j) th row in M. The first Type 3 point has an entry 0 nex t(j) — 1 
in this row while all other Type 3 points have an entry of u next (j). The two equalities Aj+i(0 next ( :; ) — 1) + 

2 \u next(J ) = 0 and J2 J p =j +1 X p = 0 imply X j+1 (9 next ^) - 1 -u ne xt(j)) = 0, thereby giving us A j+ i = 0 
since # nex t(j) < u next(j)- Now let i t £ Ij \ {next(j)}. Let the Type 3 subtype (a) point corresponding to i t 
be in the (j + t) th column of M with the associated weight A J+t . Assume as part of induction hypothesis 
that Aj-|-i = • • • = Aj-_|_t_ 1 = 0. We argue that A j+t = 0. Observe that the entry for the i\ h row of M in 
columns j + 1, j +1 + 1,..., j + \Ij | is 9i t — 1, Ui t ,..., Ui t , respectively. Upon using the induction hypothesis 
and X j+t + J2 J p =j+t +1 A p = 0 in (j + t) th row of MX = 0, we get A j+t(9 it - 1 - u it ) = 0, thereby giving us 
A j +t = 0 since 9 it < u it . This completes the induction process and we have X p = 0,p = j + 1,... ,j + | Ij\. 
Finally, A = 0 follows from Claim [1] o 

We have shown in Claim [ 2 ] that A = 0 is the only possible solution to MX = 0,e T A = 0. Hence the n 
points constructed above are affinely independent and Fj is a facet of conv K. □ 

Having shown that the packing inequalities ([7]) are strong valid inequalities for conv A', we now prove in 
Theorem [2] that conv A' does not have any other nontrivial facets. Our proof uses the dynamic program of 
Proposition [3] and Figure [T] For j £ J, recall Jzf), a subset of feasible solutions at the leaf child of j, from 
equation Q. We know from equation 0 that optimal solutions can only be found at leaves of the tree in 
Figure [l] If an optimal solution occurs at leaf Jzf), i.e. 2zf) n H(c) ^ 0, we say that j is an optimal non-leaf 
node that is parent to the optimal leaf . While comparing two leaves S£ r and 2z%, we say that Jzf) is larger 
than Jzfj/ if and only if * > i!. 

Before proving Theorem [2] we present some useful characterizations of the optimal solutions of this 
dynamic program that will be invoked at multiple points in our proof. We will need the following notation: 
let the optimal value in Proposition [ 3 ] be stated as /j'(c) = max{/*(c) , f* (c) + } Vj G /, where 

i-J 

/;(C)" = [c,] + (^ - 1) + //( C ) + = + /p*rev W (c)- 

1=1 

It follows that c i®i = max{c T a;: x G Sfj}- Observe that since x < u, then Cj = 0 for some 

j £ I implies that /*(c) _ > f*(c) + . The next two observations are straightforward from the dynamic 
program of Figure [T] 

Observation 2. For any j £ I, Jz^ 0 H(c) ^ 0 => fj( c )~ ^ fji c ) + an d > fj( c ) + = ^ > ^( c ) ^ 

Observation 3. Let j £ I and consider x £ L£j O H(c). Then for any i < j, we have (i) Xi = Ui if Ci > 0, 
(ii) Xi = 0 if Ci < 0 , and (iii) Xi is unrestricted if Ci = 0 . 
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The next result gives a sufficient condition for all the optimal solutions to lie in the facet defined by the 
j th packing inequality. 

Lemma 3. Let j £ N be such that Cj > 0, Ct > 0 Vt £ Ij and if j £ I, we also have L£j D f2(c) = 0. Then 
»('•) c Fj. 

Proof. Recall that f1(c) C {9} U (J ie/ Jzfj. We must show £j(x) = 0 Vx £ 0(c). fj (9) = 0 is trivial. Now 
consider x £ Jzf) D f1(c) for some i £ I. Our assumption Jzf, fl 0(c) = 0 (in case j £ I) means that either 
i £ IJ or * £ Ij. By construction of Jz^; in Q, we have x t = 9 t Mt £ Ij.. If i £ IJ , then Xj = 9j irrespective 
of whether j £ I or not, and subsequently we have fj{x) = 0. Now let i £ Ij. Since we assumed Cj > 0, 
c t > 0 Vt £ Ij, © gives us Xi = 9i — 1 and Observation [3] gives us Xj = Uj, x t = u t It £ I j: t < i. This 
along with xt = 9 t 'it £ Ii and Proposition [6] gives us £j(x) = 0. □ 

We are now ready to prove our first main result. 

Theorem 2. conv A' = |xe[o,u]: xj + J2 ieIj (fj(i){xi- 9i) < 9j, Vjeiv}. 

Proof. Let Fj = {x £ conv K: fj(x') = 0}, Uj = {x £ conv AT: Xj = Uj}, and 0j = {x £ conv K: Xj = 0} 
denote the faces of conv A' defined by the proposed inequalities. Note that F n = U„ because 9 n = u n and 
I n = 0. Based on Wolsey pSj Approach 6], we must show that for any c / 0, there exists j £ N such that 
either O(c) C Fj or O(c) C Uj or O(c) C 0j. If there exists j £ N with Cj < 0, then clearly O(c) C 0j. 
Assume c > 0. 

First suppose that «5?„ fl O(c) = 0. Let i* := next(max{j £ I: ££j fl O(c) 0}) be the smallest non¬ 
leaf node that is larger than the parent of every optimal leaf node. Then for any x £ O(c), we have 
Xj = 9j Mj £ i* U Ii * and it follows that fj(x) = 0 and hence O(c) C Fj for all j £ i* U /,;*. Henceforth 
assume T£ n fl 0(c) ^ 0. Recall that Jz?o = {^}- 

Case i.: 9 ^ 0(c). Let i* £ I be the parent node of the smallest optimal leaf. We first argue that there 

exists i < i* such that Ci > 0. Suppose Ci = 0 V* < i*. Then /*, (c) _ = c,»(0j* — 1) < Cj.^. = /*, (c) + 

and hence /*.(c) = /**(c) + = Ci*9i». Then every leaf Jzf), for all i < i* (including Jz?o)> is optimal, a 
contradiction to the optimality of J?)*. Hence there exists some i < i* such that Cj > 0. Since is the 
smallest optimal leaf and i < i*, Observation [ 3 ] implies that Xj = Vx £ 0(c) and thus 0(c) C Uj. 

Case ii.: 9 £ 0(c). 

Claim 3. f*{c) = f* (c) + = Cj9j + C A f° r a ll j € I. Since 9 £ 0(c), we have / t *(c) = 

/* (c) + = Cj 1 9 il . Let j £ I \ {*i}. For any i £ If, Observation [5] and 9 £ 0(c) give us /.*(c) _ < f*(c) + . 
This implies f* (c) = f* (c) + = c,0j + f* lev ^ (c). Since we already argued /* (c) = c,, 9 il , a straightforward 
induction argument gives us the desired claim. o 

It follows that f* (c) + > fj (c) _ for all j £ I. 

Case ii-a.: 3j ef I such that Cj > 0. We first argue that this case leads to Cj > 0 Vi £ Ij. Suppose 

that Cj = 0 for some i £ Ij. Since i > j with j I, we have j Iff. Consider the following: 

- /*( c ) + = y~l CtUj - T c t 9 t = y Ct(u t -9 t ) + y c t u t + CjUj > 0, 

l<i teir teir t<i-.t^i~uj 

where the strict inequality is due to 9 < u, u > 0, c > 0 and Cj > 0. Thus we have arrived at a 
contradiction to f*(c) + > f*(c)~. Hence Cj > 0 V* £ Ij. Applying Lemma [ 3 ] gives us 0(c) C Fj. 

Case ii-b.: ct = 0 V* ^ / or I = {1,... ,n}. Since c / 0 and c > 0, there exists some i £ I with 
Cj > 0. First suppose Cj > 0 for all i £ I. Since /* (c) = c il 9 il by Claim [3] we have Jz^ 0 0(c) = 0 
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and Lemma [3] gives us Q(c) C F, tl . Now let i* := max{i £ I: Ci = 0} be the largest non-leaf node 
with cost coefficient equal to zero. By construction, Ci > 0 for all i £ Ii *. The identity /*»(c) = 
maxfXig/- c i u i,Xie/ _ C A} along with f*,(c) = Xie/ - C: '® 1 f rom Claim |3j and Cj* = 0 implies that 

Ci = 0 OR (ci > 0 and 9i=m) Vi £ I (9) 
First suppose there exists a j £ If, with Cj > 0. Equation © gives us 0j = Uj and along with 
I~ C also implies J2tei~ c t( u * ~ 0 t ) = 0. Now f*(c) + = Cj + J2tei~ Ct0t > Ete/r c * u t = fj ( c )~ 

and as a result, Observation [2j implies 0 0(c) = 0. Consider an optimal solution x £ O 0(c) for 

some t £ {0} U (I \ {j}). If t > j, then Cj > 0 and Observation [ 3 ] implies x :j = Uj. Otherwise t < j and 
Xj is fixed to Oj = Uj. Hence O(c) C Uj if there exists a j £ If, with Cj >0. 

Finally, suppose that Ci = 0 Vi £ /(I, or i* = i\ and If = 0. Since we have already assumed 
in this case that Ci = 0 V* ^ /, it follows that C; = 0 V* < i*. Hence i* < n, because otherwise 
c = 0. Consider next(**), the first non-leaf node above i*. The definition of i* gives us c next (j») > 0 
and Ci > 0 Vi £ / n ext(i*)- We argue that Jzf n ext(?;*) O O(c) = 0; doing so and invoking Lemma [ 3 ] 
would lead to O(c) C F next(i .). Claim p] gives us /* ext(i ,)(c) = /* ex t(i*)( c ) + = c n ext(i*)^next(i*) and 
since c next(i .) > 0, we have /* ext (j*)( c r > c„ ex t(i*)(^next(i*) - !)• Now d = 0 Vi < i* implies that 
fnext(i *)(^) _ = c„ext(i*)(^next(i*) - !)■ Hence /^ ext(i ,)(c) + > /^ ext(l q(c) _ and Observation g implies 
that JSfnext(i*) n O(c) = 0. 

All the above cases are mutually exclusive and exhaustive. Hence our proof is complete. □ 

3.1. Applications of Theorem [2j 

Lower bounded knapsack. For a lower bounded superincreasing knapsack K l := {x £ [Z,u] O Z" : a T x < b}, 
we can (i) perform a variable change y = x — l to obtain K = {y £ T-Lniu — l ): a 1 y < b — a T l}, (ii) 
apply Theorem [ 2 ] to get conv K, and (iii) substitute back x = y + l to obtain con v K l . In particular, it is 
straightforward to verify that if l < 9, then conviC = (conv A') n [Z, it]. 

Divisible knapsack. An integer basis is a strictly increasing sequence {a.;} i>i c Z ++ with the property that 
there exists a sequence {iq }»>i c z ++ such that every b £ Z ++ can be expressed as b = E™=i a i x i f° r some 
n and x £ T-Lniu). An equivalent characterization due to Cantor [cf. [53 Theorem 2.1] is the following: {cq} 
is an integer basis if and only if a± = 1 and at | ai +1 Vi. Moreover, the sequence { 14 } is uniquely determined 
as Ui = — 1. Then, any finite subsequence of an integer basis {( 4 } and its corresponding { 14 } define a 

divisible superincreasing knapsack, whose convex hull is given by Theorem [2j The set K a {b) introduced in 
0 is a particular case that uses powers of a as its integer basis. Another class of divisible superincreasing 
knapsacks is obtained when ui = uq Vi and some 0 < uq < | min^ 

4. Intersection of knapsacks 

In this section, we consider the problem of convexifying the intersection of m > 2 superincreasing knap¬ 
sacks of <- or >-types. We prove that 0(n) number of linear inequalities describe the convex hull of this 
intersection. The number of inequalities is independent of the number of intersecting knapsack sets. It 
suffices to address the case of two intersecting knapsacks; the general case follows immediately after noting 
that every superincreasing knapsack corresponds to a lexicographically ordered set of integer vectors and the 
lexicographic order is a total order. Our proof generalizes a recent result for 0\1 superincreasing knapsacks 
by Muldoon et al. |24| . 

Note that if we are given two <-type superincreasing knapsacks - {x £ T-L n {u): a T x < b} with maximal 
packing 7 and { x £ Ti n {u): w T x < d} with maximal packing 9 , and w.o.l.o.g. we assume that 7 =4 9, then 
Proposition |T] tells us that their intersection is equal to {x £ Ti n {u ): x =4 7 }- Hence the convex hull of the 
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intersection of two <-type knapsacks is given by 0(n) packing inequalities corresponding to one of the sets. 
The nontrivial case to prove is when we are intersecting a <-type and a >-type knapsack. 

Henceforth, let K- := {a; £ 'H n (u ): a T x < b} and K- := {x £ 7L n {u ): w T x > d} be two superincreasing 
knapsacks with a,w > 0 and b,d> 0. Proposition [T] implies that 

K^nK^ = {x£'H„(u): ~/4x40}, (10) 

where 9 is the maximal packing of K given by © and 7 is the minimal packing of K- obtained from © 
by complementing variables: 

7 i-=Ui - min jiq, 

It follows from Theorem [2] that 

conv AT- = < x £ [0, u) : Xj + ^ - 7*) > 7 j Mj £ N ^ , (11) 

{ iZTj J 

where T = {« £ N: 7, < Ui — l},Tj = {i £ T: i > j}, and &j(i) = 7 j TIl-gt, : k<i (Tfc + 1) for a U * £ T 0 . The 
main result of this section proves that the convex hull operator distributes over K- fl K-. 

Theorem 3. conv {x £ K„(«): 7 7: x =4 9} = conv {x £ T~L n {u): x !== 7} fl conv {x £ 'H n {u) ■ x = 4 , 9}. In par¬ 
ticular, if a,u> > 0, then conv (K- fl K-) = conv A'- fl conv AT-. 

This is an interesting result because in general for any two arbitrary sets Xi and X 2 , we have conv (Xi n X 2 ) C 
conv X\ D conv X 2 . For the intersection X = H™ 1 -, A'y f) Kf of m > 2 superincreasing knapsacks 

(each having a coefficient vector of strictly positive integers), the equivalence to lexicographic ordering im¬ 
plies that X = Kf n Kf, for some indices s, s'. Then Theorem [3] gives us 0{n) inequalities to describe the 
convex hull of this intersection. 

Remark 3. For AT- n AT-, the assumption a,w > 0 is not w.o.l.o.g since we are considering two knapsacks 
simultaneously. Suppose that at > 0 for all i £ N\ := {1,..., n\] and some 1 < n\ < n — 1, and Wi > 0 for 
all i £ N 2 C N (assume w.o.l.o.g. that {ni + 1,..., n} C N 2 ). In this case, we don’t have the distributive 
property and in general, conv (AT- D A'-) C conv A - D conv AT-, as shown by the following example. 

Example 2. Let AT- = {x £ J. 7 + \ 2xi + 80:2 + 46a:3 + 150x4 + 310x4 < 841, x < (3,5,2,1, 2,4,2)} and 
K- = {x £ : 2x4 + 7x 5 + 30x6 + 50x7 > 150, x < (3, 5, 2,1,2,4, 2)}. The inequalities describing conv K- 

are described in Example[l]in ^whereas the nontrivial facets of conv AT- are X5+2x6+4x7 > 12, X6+X7 > 4 
and X7 > 1. The PORTA software [27>j tells us that the intersection of conv A'- and conv AT- has a fractional 
extreme point (0,0, 2,1,1, 7/2,1). o 

In fact, we claim that AT-ftAT- may not be equal to the set of integer points that are lexicographically ordered 
between two given integer vectors. Suppose it were true: AT- n AT- = {x £ H n (u ): 7' + x + 9'} for some 
i,9' £ Tf. Then, because AT- = {x £ TL n (u): (xi ) ieNl 4 (di) i&Nl } and K- = {x £ H n (u): (xi) i6 jv 2 + 
hi)ieN 2 }, w e must have 9\ = 9i Mi £ Nx,9' i = m Mi £ N \ Ni,^ — "fi Mi £ N 2 ,'y’ i = 0 Mi £ N \ 
N 2 . It is obvious that K- fl K- C {x £ T~L n {u): 7 ' 4 x 4 9'}. Since the knapsack aiXi < b is 

nontrivial (i.e. X)ieAfi a i u i > b), there must exist some k £ {l,...,ni — 1} such that 9k < Uk■ Now, 
x' ■= (7 i,---> 7fe- 1) max{6»fc + l,7fe}>7fc +1 .• • • ,7n-i, 9 n - 1) satisfies 7 ' 4 x 1 4 9' but (x') ieJVl ^ (1 9i) ieNl . 

In fact, x' conv A'-. This gives us a contradiction. Thus, in the presence of zeros in the coefficients of 
at least one of the two knapsacks, we cannot use the nice structural properties of lexicographic orderings to 
convexity the intersection of K- and AT-. 


w T u -d- J2k=i+i Wk{uk - 7fc) 

Wi 


Mi = n ,..., 1. 
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The rest of this section is devoted to proving Theorem [3] We assume throughout that a, w > 0 and hence 
identity (101 holds true. In order to ensure that if- n if- is a full-dimensional set, we assume w.o.l.o.g. 
that Y™_ x WiUi + (0 n — l)iu n > d and 7 n < 0 n — 1; otherwise we can fix x n = 0 n and address the lower 
dimensional case with modified right hand sides. Our arguments are divided into two cases: 7 n < 0 n — 2 
and 7 n = 0 n — 1. The proof of the first case depends on a geometric intuition, as explained in §4.1| This 
geometric insight breaks down when = 0 n — 1 and hence we resort to some technical lemmas in §4.2| 
Based on these building blocks, the proof of Theorem [3] is presented in §4.3| 

4 . 1 . 7 n — 0 n — 2 . Consider Figure [ 2 j It is apparent that in the two-dimensional case, we always have 
conv{x £ 'H 2 {u)\ 7 x =4 0} = conv{x £ TO [u): x !>= 7 } 0 {x £ ii 2 (u): x =4 0}. In Figure 2 (a)| where 
72 < O2 — 2 , we see that convja; £ ii 2 (u): 7 =$ x =4 0} is equal to (A U B ) (J {B U C), where the three sets 
are defined as follows: A = {1 £ conv{?/ £ 'H 2 {u)\ y =4 0},x 2 > 0 2 — 1 }, B = [0,ui] x [7 2 + 1 ,0 2 — 1] and 
C = {x £ conv{y £ / H 2 (u): y !>= 7},a:2 < 72 + 1 }- This geometric intuition of expressing the convex hull 
as a union of two sets enables us to prove that the convex hull operator distributes for arbitrary n when 

7 n< 0 n ~ 2 . 



v 2 = s 2 



(b) 7^ = 6 n — 1 . Convex hull is the union of {x E 
K— : X2 = O2} and {x E K— : X2 = O2 — !}• 


Figure 2. Two cases for convexifying {x £ T~L n {u ): 7 x =4 0}. 


Proposition 8. Assume that 7„ < 0 n ~ 2. Then 

conv {K- n K- ) = {x £ conv K- : x n > "f n + 1} U {x £ conv K- ■ x n < 0 n — 1} = conv K- n conv K- . 

Proof, conv [K- D K- ) C conv K— H conv K— is obvious. Take y £ conv K— D conv K—. If y n > 7n + 1 then 
y £ conv if- n{x: x n > 7n + 1}; otherwise y n < 7n + 1 and the assumption 7n + 1 < 0 n — 1 implies that 
y £ conv K-C\{x: x n < —1}. Now let ?/ be an extreme point of conv/\-n{a;: x n > 7n+l}- Theorem|2]and 

equation (|8j) imply that y £ if- with y n £ {7„ + l, 0„ — 1, 0 n }- Since 7n + l < 0 n — 1, it follows that 7 =4 y =4 0 
and identity (10) establishes y £ conv (if Hif-). The arguments for y £ conv A'- D {a:: x n < 0 n — 1} are 
similar. Thus {a; £ conv if- : x n > 7 „ + 1} U {.t £ conv if-: x n < 0 n — 1} C conv (if- n if-), thereby 
completing our proof. □ 


The above proof heavily relies on the assumption 7n < 0 n — 2. In particular, if 7n = 0 n — 1, then we 
can only show that {x £ conv if- : i n > 7„ + 1} U {x £ conv if- : a: n < 0 n — 1} Q conv if- n conv if- but 
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cannot argue the ^-inclusion using the above steps. Hence the case 7 n = 9 n — 1 requires a different proof 
technique, which is presented next. 


4.2. 7 n = 0 ra — 1- We start by writing a disjunctive representation of K— D AT—, somewhat similar in vein 
to the first equality in Proposition [8] 

Lemma 4. K— fi K- ={i£ K-: x n = 6 n } U{i£ K—: x n = 9 n — 1}. 

Proof. Since x n < u n = 9 n for any x £ K- n K-, the elementary disjunction {x n < 9 n — 1} U {x n = 9 n } 

gives us AT- fi K- = {x £ K- (~l K-: x n < 9 n — 1} U {£ £ K- fi K-: x n = 9 n }. For any x £ Iin{u) such 

that x n < 9 n — 1, we have x -< 9 and hence K— n {x: x n < 9 n — 1} = H„(u) fi {x: x n < 9 n — 1}. Since 
K- = {x £ H n {u) : x 7 } and 7 n = 9 n — 1, we get K- fi K- fi {a;: x n < 9 n — 1} = K- fi {x: x n = 9 n — 1}. 
Next, note that w n 9 n > w i u i + w n(@n ~ 1) > d. Then it follows that {x £ H n {u): x n = 9 n } C K- 

and we get K- fi K- fi {a;: x n = 9 n } = K- fi {x: x n = 9 n }. □ 


Lemm a [4| wi ll be crucial in completing the proof of this case in j ]4.3| The proposed disjunction is depicted 
in Figure 2(b) for -ft 2 . It is easy to see that the two nontrivial facets obtained by convexifying this union 
in 5ft 2 are exactly the packing inequalities for {a; £ % 2 (u): x =4 9} and {a; £ ^(u): x 7 }. Motivated 
by this illustration, our approach is use the extended formulation of Balas |26j to convexity the union in 
Lemma[4]and argue that every fractional point in conv K— flconv K-, i.e. x £ conv I\- Hconv K— such that 
x n = 9 n — e for some e £ (0,1), belongs to the convex hull of K— C\K-. To do so, we must characterize points 
in the e-restrictions of conv K- and conv K—. This is achieved in the next lemma. Recall from Definition [U 
that we denote the support of 9 as / = {*i,..,, i r , i r +i = n} for some r > 0. 


Lemma 5. Let e £ (0,1) and x £ [0, it] such that x n = 9 n — e. Define Si := minjeitj, a 7 } for all i < i r and 
Si := Xi for all i > i r . 

(1) Ifx£convK~, then Xj — Sj — 0j(l — e)+ J2i£i\ n ( t > j(i)(xi — Si — 9i(l — e)) < 0 for every j £ N\n. 

(2) If x £ conv A'-, then Sj + ^2 ieT \ n ^ e$j(n) for every j £ N\n. 

To prove this technical lemma, we need to exploit the recursive nature of and $j(-) so that we 

can rearrange expressions suitably. The following lemma gives us the required result; its proof is a tedious 
algebraic exercise and is hence relegated to [Aj 


Lemma 6. Let j £ N \ n and e ^ 0. 

(1) For s,i £ Ij with s <i, 

(2) For s £ Ij\n,Yfieij\n<t>3{i){.Xi-Zi-9ie) = J2ieij\n x i ~ z i ~ + J2kei i \n ( t > i( k )( x k ~ *k ~ 9 k e) 


1 + S keij 4>k(i) 

s<k<i 


i>s 


i>s 


(3) For s £ Tj \ n, EieT 3 \n ®j(i) (l - *i) = ®j(s) Ei6T 3 -\n e ~ Zi ~ E k&T z \n ®i(k)z k 


i>s 


Proof. In [A] 


□ 


Proof of Lemma [3| We prove the first part here; arguments for the second part are analogous and are 
provided in [A] for completeness. Choose j £ N\n. If 9j = Uj , then the inequality is obvious because 
(f)j(-) = 0. Assume 9j < uj. For j > i r , the inequality holds because Ij\n = 0 and the j th nontrivial facet 
in conv AT- D {x: x n = 9 n — e} can be written as Xj — euj < 9j{ 1 — e). Now consider j < i r — 1 and assume 
that the inequality holds for all 1 = j + 1 ,..., n — 1 . 

Claim 4- For any s € L, \n, we have EiGL^n-i>s ~ ~ ~ e )) — *-*• Follows from Lemma |gJ 

(pj (s) > 0 and induction hypothesis. o 
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First suppose that Zj = euj. Let s £ Ij \ n be the smallest index such that z s = x 8 . If s does not exist, 
then Zi = eui Vi £ Ij \n and upon rearranging, we must show that 


E 4>j{i)(xi - Oi) 

i£lj\n 


e Uj-0 3 


i(zlj\n 


< Oj, 


which is exactly the j th nontrivial facet of conv A'- D {x: x n = 9 n — ej due to (f>j(n ) = Uj — 6j + 
~ &i) from Observation 0 Now suppose s exists. Rewriting the desired inequality, we 

must show that 


X j — On 

— -/ - £ < A := 

Uj - Oj 


Y iPi-Zi-Oiil-e)). 

,.C^n Uj '° j 


It suffices to verify that A > 1 — e. We split the summation over Ij \ n into three parts: first over all i < s, 
then s, and third over all i > s, and use the first part of Lemma [ 6 ] to rewrite (f>j(i)/(v,j — Oj) Vi £ Ij \ n. 
This gives us 


> 

II 

M 

1 + E 

(Xi - eui - 0i( 1 - e)) + 

1 + E ^*( s ) 

i£lj : i<s 

k£lj : k<.i 


k£lj : k<s 


E 


i£lj\n : i>s 


i + E + E 


J 7 : k<s 


k £ Ij • 
s<k<i 


(Xi - z* - 0 t { 1 - e)). 


Combining common terms gives us 


A = 0 S (1 —e) —Ar —A 2 := 0,(1 - e) - Y 


i£lj : i<s 


- cut - Oi(l - e) + Y - zt — 0 t ( 1 - e)) 

t(zli\n 


E 


i£lj\n: i>s 


1 + E ^fc(*) 


k£lj ■ 
s<k<i 


(Xi - Zi-0i{ 1 - e)). 


The induction hypothesis implies Ai < 0. First statement of LemmajGjimplies A 2 = ^ i>s 

z% — 0i{ 1 — e)). Claim [d] now gives us A 2 < 0. Thus A >6s( 1 -e) > 1 — e since s £ Ij and 0 S > 1. 

Finally, let Zj = Xj. Then Claim |4j gives us —9j( 1 — e) + Y^ieij\n — Vi — 0i( 1 — e)) <0. □ 


4.3. Proving the distributive property. 


Proof of Theorem [?[ The case 7 „ < 8 n — 2 is proved in Proposition [ 8 j Now suppose that 7 „ = 0 n — 1. It 
remains to show that conv (AT- n K-) 2 conv AT- D con vK- since the C-inclusion is obvious. We first 
obtain an extended formulation for conv ( K— D AT-). For convenience, define 

9j : =°j+ Y Vj £ N: Oj < Uj — 1, hj~jj+ Y Vj £ N: 7 ^ > 1. (12) 

i(zlj\n i(zTj\n 
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Claim 5. conv (K- n K-) is equal to the projection onto the axspace of the polytope 


V := 


|(a;,y) G 3?” x 3?" : 0 < y < x, 9 n - 1 < x n < 9 n , y n = [9 n - l)(0 n - x n ) 


, Xi = yi, i r <i <n 


Vi + ^(Xn-yn) <U Z , i <n, yi-Xi + ^-(x n -y n )> 0, i < i r (13a) 
Un Vn 


Xj - Vj + 5Z faitfixi - Vi) - Vn) < 0, j £ N: 6j < Uj (13b) 

ielj\n n 

Vi + 5Z + j-^Xn-Vn) > hj, j G N: 7j > 1 }. (13c) 

i£Tj\n n 

The proof of this claim makes use of Lemma [4] and the disjunctive programming result of Balas [26]; it is 
provided in [A] ❖ 

Since 7n = 9 n — 1, we get conv {x G K— : x n = 6 n — 1} = conv K— fl {x: x n = 7 n }. The fact that x n < 9 n 
defines a face of conv AT- implies that conv{cc G K- : x n = 9 n } = conv K- n {x: x n = 0 n }. Consider 
x G conv K- D conv K-. Note that since x n < 9 n is valid to conv K- and x n > 7„ = 9 n — 1 is valid to 
conv K-, it must be that x n G [9 n — 1, 9 n }. If x n G {9 n — 1, 9 n }, then Lemma 4 implies x G conv (K- n Jv-). 
Let x n = 9 n — e for some e G (0,1). Fix y G 3?" as follows: 'tji = min{eiti, Xi} for i < i r , yi = Xi for i r < i < n, 
and y n = e(9 n — 1). From Claim[5j it suffices to show that (x,y) G V . By construction, y satisfies ( |13a[ ) and 
the trivial relations with x. Since x n — y n = 9 n { 1 — e), ( 13b[ and (13c), respectively, are transformed to 


~Vj + 5Z ^'(*)(*» “ Vi) < &(l-e) Vj £ N: 6j <uj - 1 

i£lj\n 

Vo + 5Z - h 0 e Vj e N: 7 j > 1. 

i£Tj \n 


(14a) 

(14b) 


Since hj = <E>j(n) (analogous to Observation flj) , inequality (14b) becomes yj + > e$j(n). 

Then Lemma [5] (with y replacing z) implies that (14a I and (|14b I are satisfied. Hence ( x,y) G ?. □ 


Remark 4. We believe that the proof used for the difficult case 7 n = 9 n — 1 can be modified to handle the 
case 7™ — 9 n — 2 as well. However our geometric arguments in §4.1| lend more intuition into the structural 
properties of intersection of and =<! ordered cones. 

4.4. Application of Theorem [3] Consider a mixed integer knapsack with a single continuous variable 
defined by the set Q := {(a :,y) G T-L n {u) x [0,«]: aiX i + y < b}, where we assume that {(a*, iti)}iejv 

forms a superincreasing sequence of tuples of positive integers and u and b are positive reals with u < b. It 

is straightforward to verify that Q = Q± U Q 2 , where 

Qi := {(x, y) G T~L n {u) x 3?: \b — u] < a T x < [b\, 0 < y < b — a 1 x} 

Q 2 := {{x,y) G Ti n {u) x [0,u]: a T x < [b - uj}. 

Let 9y b j and 9\b-u\ denote maximal packings for a T x < and a T x < \b~ u\, respectively, and 'yy b -u\ 
denote a minimal packing for a T x > \b — u\. It follows that convt^ = conv {a; G 'H n {u)\ x =4 9 [b-nj} x [0, u] 
and hence Theorem [2] gives us 

convQ 2 = {(x,y) G [0, it] x [0, u]: inequalities ([7]) for 6y b -u j}- (15) 
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For the convex hull of Q±, observe that b — a T x > 0 is valid to convQi and hence 

convQi = (con v{(x,y) G K n (u) x 5ft: =4 x 4 }) n {(.t, y) : 0 < y < b - a T x} 

= {{x,y) G [0, u] x -ft + : inequalities ([7]) for 9y b j, inequalities (111 for « T x + y < b} (16) 

where the second equality is from Theorem[3j Since Q = Q 1 UQ 2 , we have conv Q = conv (conv Q\ U conv C^)- 
Equations ( 15 1 and ( 16 1 and disjunctive programming |26| imply a compact extended formulation for conv Q. 

5. Discussion 


In this paper, we have identified a special class of general integer knapsacks, referred to as superincreasing 
knapsacks. We studied its greedy solution 9 and showed that this well-structured set is equal to the set of 
integer vectors that are lexicographically less ( 7 !-) than 9. The convex hull of this ^-ordered set is described 
using 0(n) facets, where n is the dimension of the knapsack, and all the nontrivial facets are derived from 
9. An arbitrary knapsack is in general a strict subset of solutions that are =$-than the greedy solution and 
hence our facet description yields a class of valid inequalities that can be possibly strengthened by other 
means for use in cutting plane algorithms. A second interesting phenomenon exhibited by the ^-ordering 
and superincreasing structure is that the convex hull operator distributes over a finite intersection. Our 
results generalize previously known descriptions for 0\1 superincreasing knapsacks. 

Generalized lexicographic cone. Finally, we mention that the results derived in this paper can be generalized 
as follows. Given p G Z” + , let x =4p 9 denote that x is /3-lex smaller than 9, i.e. either x = 9 or the 
first index i in reverse order is such that Xi < 9i — Pi. Suppose that we are interested in convexifying 
C := {x G 'Hn(u): x =4p 9}. It is easy to verify that if /3 7 ^ e, then C cannot be represented as a integer 
knapsack; we may need a disjunctive formulation to include the correct set of feasible solutions. We believe 
that by exploiting the properties of lexicographic orderings, all the results proved in this paper carry through 
with suitable adjustments; for example the function <//,(•) in equation (Joj) must be modified to := 

11^1- (uk+f> a k ~ 9k) for all % G 


k=next(j ): 

kel 


Pk 
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Appendix A. Missing proofs of ^4] 

Proof of Lemma\^ For the first part, note that |44 = J] k^i- (it*, + 1 — 0*,) = 1 + keij ( Mfe - 

s<fc<z s<k<i 

0/c)n te/j (u t + 1 — 6 t ) = 1 + keij Mi)- We prove the second statement by induction on \{i £ 

k<t<i s<k<i 

Ij\n: i > s}|. The third statement can be proven similarly via induction on \{i £ Tj \ n: i > s}|. The 
claim is clearly true when the cardinality is 1. Assume it is true when the cardinality is to > 1 and let 
\{i £ Ij \ n: i > s}| = to + 1. For convenience, denote {i £ Ij \ n: i > s} = {si := s, S 2 , ■ ■ ■, s m _|_i}. Then 
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the left hand side in the lemma is 


^ ^ $j(f)(,Xi 9ie) T (^m+1) (*^'s Trl -(.i Z@s m - t-i 


= M a ) 

ie{si,...,Sm} 


“h (f)j (Sm+1 ) (iCs m _)_ 1 @Sm+ 1^0 


-Zi- d.^ + ^2 <t>i{k){x k - z k - 9 k e) 

k€Hi\{n,s m - )_i} 

where the equality is obtained by invoking the induction hypothesis on the first term. Substituting tfij (s m+ i) = 
4>j{s) [1 + EIE <p St (sm+ 1)] from the first part into the above equality and combining common terms, we get 


^2 <f>j(i){xi - Zi - 9ie) = c/)j(s) ^2 

ie{s 


i(zlj\n 

i>s 


Ci-Zi-9ie+ ^2 fcify&k ~ z k - 9 k e) 

k£li\n 


which is the desired result. 


□ 


Proof of second part of Lemma [3| If jj =0, then <&•, (•) = 0 and again the inequality is obvious. For j > i r , 
we have Zi = Xi \/i £ j U Tj \ n. Then x £ con v K- D {x : x n = 9 n — e} implies Xj + E»eT-\n — 

7 j + Yhier- — e) and the right hand side can be simplified to e<frj(n) (analogous to 

Observation [TJ and = 9 n — 1. Now consider j < i r and assume that the inequality holds for all 
i = j + 1 ,...,n — 1. Let s £ Tj\n be the smallest index such that z s = eu s and suppose that s exists. Upon 
rearranging terms, we have to check that 

min {eUj,Xj} + > A := e$j(n) — Qj(s)eu s — '^2 

i£Tj : i<s i(zTj : s<i<Ln 


It suffices to verify that A < 0. 

Claim 6. For any j £ N\n, we have $,(n) = 7,• + E ie Tj \n $j(*)7* = $j(*0(7fc + 1) + E l& T k \n $ i(i)7* 
for all k £ Tj \ n. The first equality is analogous to Observation [l] The second statement follows from a 
straightforward reverse induction on k and using the fact that (next(fc)) = < i> 1 (k)(£/ k + 1). o 

Using Claim [6] with k = s , we rewrite T, (n) to get A = ei> 7 (s) (7., + 1 - u s ) + E,;gt, : s <i<n ^’(*)( e 7i _ z i)- 
Applying Lemma [6] with e = e gives us 


A = e<Fj(s)(7 s + 1 


u s ) + $j(next(s)) ^2 

»e Tj 
s<i<n 


e$i(n) - Zi - "22 ®i(k)z k 

k£Ti\n 


< e$ i (s)(7 s + l 


Us) < 0 


where next(s) = min{i: i £ Tj }, the first inequality is due to each summand being non-positive from 
induction hypothesis and the second inequality is due to s £ Tj and hence 7, < u s — 1. 

If s does not exist then y,; = ay V* £ Tj\n and we must show that minjeu^, ajj}+EieTj\n A e<f>j(n). 

If Xj < euj, then the same argument as that used for j > i r proves the desired inequality. Otherwise eiij < Xj. 
In this case, we set A = e<F,(n) — EieT,\n (*)#»> rewrite <F,(n) = 7 j + Y^i£Tj\n ^j(*)7» as * n Claim[6jand 
follow same steps as before to obtain A < £7 j < euj, as desired. □ 


Proof of Claim\2 We have conv (K- O K-) = conv (convja; £ K- : x n = 9 n } U convja; £ K- : x n = 9 n — 1}) 
from Lemma[4j Since 7 n = 9 n — 1, we get conv {1 £ K- : x n = 9 n — 1} = conv K— 0 {x: x n = 7„}. The fact 
that x n < 9 n defines a face of conv implies that convjcc £ K- : x n = 9 n } = conv K- n {.t: x n = 9 n }. 
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Applying Balas result and invoking Theorem[2|and equation (111 gives us the following extended formulation 
for conv (K^~T\ K-): 

V = | (x, y, A) e K" x JR" x [0, 1]: y n = 7„(1 - A), 0 < y < u(l - A), 0 < x - y < uX, 

x„ -y n = 9 n \ x.i - j/i = 0 i r <i <n, 

Xj -yj + ^2 < l > j( i )( x i - Vi) < 9j\ j < ir - 9j <Uj- 1 

Vj + > h A l - A )> 3 e N: 7 j > l|. 

i£Tj\n 


where gj and hj are defined in (12). The equality x n — y n = 9 n A implies A = (x n — y n )/9 n . Upon substituting 
for A in V' and rearranging the inequalities, we get the proposed claim. □ 





